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O . Abstract 

o 

CN ' Orbits of charged particles under the effect of a magnetic field are mathematically 

described by magnetic geodesies. They appear as solutions to a system of (nonlin- 
ear) ordinary differential equations of second order. But we are only interested in 
periodic solutions. To this end, we study the corresponding system of (nonlinear) 
parabolic equations for closed magnetic geodesies and, as a main result, eventually 
prove the existence of long time solutions. As generalization one can consider a sys- 
tem of elliptic nonlinear partial differential equations whose solutions describe the 
orbits of closed p-branes under the effect of a " generalized physical force" . For the 
corresponding evolution equation, which is a system of parabolic nonlinear partial 
differential equations associated to the elliptic PDE, we can establish existence of 
S2 ' short time solutions. 
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^ ■ 1 Introduction 

> 

^ I General Assumptions. All occurring manifolds, maps and tensors are assumed to be 
^ ' smooth unless otherwise stated. Also we explicitely note that all manifolds are assumed 
to be without boundary. Furthermore, we will frequently make use of "Einstein's sum 
convention": All sum signs are omitted if an index appears twice regardless of the 
! position of the indices. Then one has to think of these sums to be performed. For 
^ ' example, aibi is to mean ^ - a-ibi and R^^^ginQ^^ is to mean ^ R\^-ging^"^ . Deviations 
of this convention will be made explicit by writing out the sum signs. 

■ In this paper we investigate a certain evolution equation, which is motivated from String 
theory. Namely, let (S, g) and (M, G) be Riemannian manifolds, let S be compact and 
oriented, p = dim(S). Furthermore, let Z e T{}iom{N'TM,TM)) = V{M'T*M ®TM) be 
a tensor field such that 

(1) (]:=G(-,Z(-)) 

is a closed (p -|- l)-form. Such a tensor field Z G F (Hom( A^TM, TM)) coming from a 
(p + l)-form is called a p-force and in the special case p = 1 a, Lorentz force. For a map 
ip G C^(S,M), consider the system of nonlinear elliptic partial differential equations 

(2) r(^) = Ziid^r-ivolD), 
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which is just the Euler-Lagrange equation coming from a modified energy functional 
(see [12], Chapter 2 and 3). In terms of a positively oriented local orthonormal frame 
{ci} of S, T{(f) and {dip)^{vol^g) are given by T{(f) = {'Veid(p){ei) and {dip)^{vo\'^g) = 
d(p{ei) A ... A d(p{ep), respectively. {d(p)^{vo\g) can be interpreted as vectorial volume 
element of S, being pushed forward to M. Now, if p > 1 is a positive integer and S is 
connected, then a solution to equation ([2]) describes the orbit of a closed {p — l)-brane 
under the effect of a field strength Q. From elliptic regularity theory (see Appendix [Bl 
Theorem it follows that any solution of ([2]) is automatically C°°. The tensor 
field Z : M — ^ Hom(A^rM, TM) can be interpreted as a physical force infiuencing the 
motion of the closed {p — l)-brane. In String theory a p-brane is an "extended object" of 
dimension p. That is, a 0-brane corresponds to a particle, a 1-brane to a string, 2-brane 
to a membrane etc. In the special case p = dim(S) = 1, locally we can parametrize S by 
arc length, that is, we can always find local coordinates $ : (— e, e) ^ f/ C S, s t— ^ $(s) of 
E such that for the norm of the corresponding coordinate vector field 5'(^, ^) = 1 holds. 
With respect to such coordinates, for <y9 = 7 : S — M, s 1— *• 7(5), putting 7' = fj = d'y{-^), 
equation ([2]) reduces to the equation for magnetic geodesies 



(3) = z{^'). 

In this case a solution to the equation describes the orbit of a charged particle under the 
effect of a magnetic field. Z can be interpreted as Lorentz force. For more on this topic, 
see e.g. [1], [2], [1], [20] and the references therein. From now on, whenever S = S*^, 
equations like ([3]) and expression like l' = ^ = dji^;) are to be understood with respect 
to arc length parametrization. The problem of the existence of closed magnetic geodesies 
was originally posed by Novikov in early 1980s who, in particular, demonstrated its 
crucial difference from the closed geodesic problem and also introduced high-dimensional 
analogs of it (see [IT], in the article these p-branes are also discussed). 



To the elliptic PDE ([2]) one can associate an evolution equation and study the long time 
behavior of its geometrical fiow. Namely, we consider, for a map : S x [0, T) — M, 
setting ift{x) = t), the initial value problem of a system of nonlinear parabolic partial 
differential equations 

f riif,)ix) = Z{{d^,Y-{voll)) + ^(x), ix,t) G S X (0,T), 
\ y.(x,0) = /(x), 

where T{(pt) = trace (Vdipt) and / G C°°(S,M) is a map given as initial condition. 
One hopes that this problem possesses a solution for T = 00 and that the limit map 
ipoo = limt^oo ft'-^-^ M, provided that it exists, is a solution to ([2]). We will show that 
it depends on the initial condition / whether the limit map ip^o, provided that it exists, 
satisfies equation or not. In dim(S) = p = 1 the above parabolic PDE (jlj) is called 
the Evolution Equation for Magnetic Geodesies. A general introduction to nonlinear 
evolution equations and methods to prove existence of long time solutions are given in 
[To] . The method to find a solution to an elliptic PDE by solving an associated parabolic 
(evolution) equation has been applied by Eells and Sampson to prove the existence of 
harmonic maps. In the literature it is known as heat flow method. We discuss this 
method in Section [3] and provide some Bochner-type formulas for later purposes. Good 
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references to this topic are [5], [15], [22] and [21]. The geometrical flow approach was 
also used to prove the existence of closed geodesies, i.e. to the classical problem. In 
particular, a new proof of such hard result as of the Lyusternik-Schnirelmann theorem 
was obtained by Grayson (see [3], [9]). 

In Section m we will show short time existence of the flow. The main ingredient of the proof 
is the Inverse Function Theorem from functional analysis. Regardless of the dimension 
and the curvature of S and M, short time existence can always be guaranteed. For the 
long time existence the Bochner formulas come into play. We will use them in Section E] 
to prove long time existence of the flow in dim(E) = 1. The maximum principle is used 
to obtain good a priori estimates from the Bochner formulas for the energy densities of a 
solution to the initial value problem (jlj). In this way the growth rate of the solutions, as 
time t increases, is controlled and blow ups are prevented. 



2 Statement of the results 

Theorem 1 (Long time existence). Let H = S'^ and {M,G) be a compact Riemannian 
manifold. Moreover let Z G r(Hom(TM, TM)) be a Lorentz force. Set 7t(s) = 'y{s,t) 
and 7t = ^ = dlt{-§;)- Then for any C'^'^^ map f G C^^"(S'^,M), there exists a unique 
7 G C72+a,i+V2(^i X [0, oo), M) n C°°(5i X (0, oo), M) such that 



(5) 



holds. 



litis) = Z{i,){s) + ^(.), (.,t) G X (0,oo) 
7(s,0) = /(s), 



Theorem 2 (Stability and uniqueness of solutions). Assume that S = . Let {M,G) 
be a Riemannian manifold and Z,Z' G r(Hom(rM, TM)) be Lorentz forces. Let u,v & 
C°{S^ X [0,T),M) n C^'\S^ X (0,T),M). Setting Utis) = u{s,t) and Vtis) = v{s,t), 
assume that u satisfies the evolution equation for magnetic geodesies 

(«) J^w^^'^'w + I'w- (M)'=s'x(o.n 

and similarly that v satisfies ^ with Z' instead of Z . Furthermore, assume that Z and 
Z' are bounded, i.e. |^|l°o(m,e), \ 'Z''\l°°{m,E) < oo. Then for any < Tq < T there exists 
a constant C = C{Tq) > such that 

(7) - ^tlL2(s,M) <27re^*(^|Mo-^^oli->(s,M)+i^l^-^ 



/|2 

L°°(M,E) 



holds for all t G [0,To]. Here, E = Rom{A^TM,TM) , \Z\loo(^m,e) = sup^ {Z,Zy^^ and 
C = C{Tq) > is a nonnegative constant depending on Tq and other parameters. The 
dependence is clarified in the course of the proof. In particular, uq = vq and Z = Z' imply 
u = V throughout S x [0, T). 

Corollary 3. Let "E, M, Z, Z' ,u,v and the assumptions on them as above in Theorem\^ 
If in addition M is compact, then ([71) holds for all t G [0, T). 
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Proof. Since M is compact, the ball B{0, r) in the proof of Theorem 2 can be chosen such 
that M C 5(0, r) C W. The boundedness of Z and Z' (need not to be assumed, but 
follows from the compactness of M) implies that the energy densities e{ut) and e{vt) can 
be globally estimated on [0,T) by Proposition [211 Consequently the constant C > from 
the above proof can be chosen to be independent of Tq. □ 

Corollary 4. Let {M,G) be a Riemannian manifold and Z G r(Hom(TM, TM)) be a 
Lorentz force. Furthermore, let H be a discrete group of isometrics of (M, G) acting 
properly dis continuously on M. If Z is H -invariant, i.e. dho Z = Z o dh for all h ^ H, 
and the quotient M/H is compact, then for any C^"*"" map f G C'^'^"{S^, M), there exists 
a umque long time solution 7 G C^+»'^+^/^(S^ x [0, 00), M) n C°°(5i x (0, 00), M) to the 
IVP (0) m M. 

Proof. The result follows immediately by pushing the entire initial value problem in M 
down to M/ H (equipped with the unique structure of a Riemannian manifold) . Applying 
Theorem [1] to the corresponding initial value problem in M/ H yields a unique solution 
which can be lifted to a unique solution to the original initial value problem on M. □ 

Example 5. Let (M, G) be the three-dimensional Euclidean space and G be a 
parallel vector field in M^, (all tangent spaces of are identified by parallel transport). 
We define a skew-symmetric bundle homomorphism Z : TM^ TM^, Z{v) = v x B for 
all V G M^ by means of the vector product. From VZ = we see that, in fact, Z comes 
from a closed two-form Q via ([T]). Since Z is translation- invariant and the three-torus 
= M^/Z^ is compact, we deduce long time existence of solutions to the IVP (E]) from 
Corollary m This holds more generally for any Z^-invariant Lorentz force Z. 

Remark 6. The compactness of S in Theorem 1 cannot be dropped. In general, the 
lifetime T of a solution to the IVP ([5]) for non-compact E may be finite. For example, let 
S = M = M and T > be a positive number. Consider the function m : M x [0, T) — > M 
defined by 

, , s 

uis, t) = — . 

V ' ^ T-t 

This is a smooth function on M x [0, T) which blows up as t — > T. Let Z : TM TM 
be the bundle homomorphism defined by Zs{v) := —sv, {s,v) G M x M. The function 
u solves the IVP (E]) on M x (0,T), with initial condition u{s,0) = s/T and the above 
defined Z. In this case the parabolic equation just reads 

v' = -uv + ii, on M X (0,T), 

where ii = v = ^ and v' = This demonstrates that the lifetime of solutions to 
the IVP can be finite for non-compact S. 

Corollary 7. Let J] = and (M, G) be a Riemannian manifold. Furthermore, let Z G 
r(Hom(TM,TM)) be a Lorentz force and e C^'\S^ x [0,T), M) n C°°{S^ x (0,T),M) 
be a solution to the IVP (0), where T = sup {t G [0, 00) | (0) has a solution in x [0, t]}. 
Set 7t(s) = 7(5, t). IfT < 00, then for any compact subset K G M and any < Tq < T, 
there exists atE (To,T) such that ■yt{S^) H (M — K) 7^ 0. Said in words: If the lifetime 
T of a solution 7 is finite, then it leaves any compact subset of M, or equivalently, if a 
solution 7 stays its entire life in a compact set, then its lifetime T = 00. 
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Proof. Let T < oo and assume that the conclusion is false. Then there exist a compact 
subset K C M such that -f{S^ x [0, T)) C K holds. Set E = Rom{Al'TM, TM). Now, we 
proceed quite literally as in the proof of Proposition [22] and obtain 

(97 



C"(S'i,Af) 



< C. 



Here, C = C(S, i^', M, Z, /, a, T) is a constant only depending on S, i^', M, Z, /, a and T. 
The only difference is that in all estimates (energy estimates etc.) one has to replace all 
occurrences of | ■ \l°°{m,e) by | ■ \l°°(k,e\k)- Obviously fl30l) holds since 7(6'"'^ x [0,T)) C K. 
Then similarly as in the proof of Theorem [T] one extends the solution to 5^ x [0, T + e] 
(for e > sufficient small) and produces a contradiction to the definition of T. □ 



3 The heat flow method 

Notational convention. Throughout the whole paper let {J]'',g) and {M^,G) 
be Riemannian manifolds. Furthermore, let S be compact and oriented and let 
Z G r(Hom(A''TM, TM)) be a fc-force determined by some closed (fc + l)-form Q as in ([1]). 
Henceforth, we abbreviate Z(((i(^)^) = Z((d(^)^(volJ)) and Z^{{dip)^) = Z^{{dip)^vo\l)). 
For the sake of simplicity all appearing metrics and covariant derivatives are denoted by 
(■, ■) and V, respectively. 

In 1964 Eells and Sampson proved the existence of harmonic maps (see p]) by the heat 
fiow method, that is, they demonstrated that the time limit of the solution to an associated 
evolution equation is a harmonic map. We would like to use this technique to prove the 
existence of a solution to equation ([2]) above. It turns out that in general this method does 
not yield a solution to our problem. On the contrary, we will see that the solvability rather 
depends on the initial value for the associated evolution equation. However, short time 
existence of solutions to the associated evolution equation can always be shown, regardless 
of the dimension of (S, g) and (M, G) and without making any further assumptions, 
excepting that S is required to be compact and oriented. On the other hand, only if 
dim(S) = 1 and assuming that M is compact, we are able to verify existence of long 
time solutions. So, we consider for a map : S x [0, T) — M, setting (pt{x) = ip{x,t), 
the initial value problem (IVP) for the system of nonlinear parabolic partial differential 
equations 

r r(v9,)(x) = Ziid^,)!^)ix) + ^{x), ix,t) G S X (0,T), 
W(^,0) = /(x), 

where T{ipt) = trace (Vrfyj^) and / G C"^(S,M) is a map given as initial condition. We 
assume that 

ipeC^^x [0, T),M)n C°^(S X (0, T), M). 
Before going into the details of the proofs, we compute the following. 

Example 8. Let S = 5*^ the unit circle and M = T"^ = x the two-dimensional 
standard torus with the natural induced metrics. Then for a map 7 : S*^ x [0, 00) M, 
setting 7t(s) = 7(5, t), the IVP ([H]) takes the form 

/ h'tis) = Z{i,){s) + ^(.), (.,t) G X (0,00), 
\ 7(^,0) =c(.). 
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where 7t(s) = t) and c : S*^ — is a smooth initial curve. Let M = S*^ x R c M'^ be 
the standard cyhnder with metric induced from and, denoting the standard coordinates 
of R^ by {x,y,z), let the 2-axis be the axis of symmetry. For the radial vector field 
5 : R3 ^ R3 , given by 

B : {x,y,zy ^ (x,?/,0)*, 

we define a skew-symmetric bundle homomorphism Z : TM TM by Z{v) = v x B 
by means of the vector product of R^, (all tangent spaces of R^ are identified by parallel 
transport). We note that VZ = 0, implying that Z defines a closed 2-form Cl via ([T]), and 
consider for a map 7 : S"^ x [0, 00) ^ M C R^ the initial value problem 

/ h'ti') = Zms) + ^{s), is,t) eS'x (0,00), 
^ ^ I 7(5,0)=c(.). 

Since 13 is invariant under 2;-translations, Z descends to a well-defined parallel skew- 
symmetric bundle homomorphism Z : TM TM on the Torus M = M/^= x S^, 
regarded as quotient of M by moding out the Z-action on the second factor of M = S"^ x R. 
Hence, the entire initial value problem (**) on the cylinder M descends to a corresponding 
initial value problem (*) on the torus M = T"^. So, for simplicity we will do all our 
computations on the cylinder M. Passing to the quotient M = M / then yields a 
corresponding result for the torus. Expressing 7t(s) and B in cylindrical coordinates 

/ cos(v3(s,t)) \ ^ / rcos(v?) \ 

74(s) = sin(v?(s,t)) and B{r,ip,z)=\ rsin(v9) , 

V / V / 

r G (0,00), G (— 7r,7r), z G (—00,00), a straightforward computation shows that, for 
functions ip,z : x [0, 00) R, (**) is equivalent to the following system of partial 
differential equations 




(^"(s, t) = z\s, t) + 0(5, t), (s, t) G [0, 2n] x (0, 00), 
z"{s, t) = -ip'is, t) + i(s, t), (s, t) G [0, 27r] x (0, 00), 
V?(s,0) = v2o(s), 
2;(s, 0) = zo{s). 



Here, we identify = R/27rZ, i.e. we regard if and z as functions defined on R x [0, 00), 
which are 27r-periodic in the first argument. Furthermore, we abbreviate (p" = 
(fi' = ^ and = ^ (in the same way for z) and (po, ^0 are initial conditions. Now, let us 
explicitely calculate the flow for the initial conditions 

<Po{s) = Acos(s) f (/?o(s) = s 

2o(s) = B sm{s) y zo{s) = /icos(s), 

where fi, A, B > are nonnegative numbers and the function ipo from initial condition b) 
is to be understood as being defined on [0,27r]; in terms of7o(s) = (cos(s), sin(s), /i cos(s)) 
we see that b) is a well-defined smooth initial condition : = R/27rZ — x R. To 
this end, let us introduce the complex variable ^ = (p + iz. Here, i denotes the imaginary 
unit. Then system (-I-) reduces to a single partial differential equation 
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(++) 



iis, t) = e"(s, t) + ii'{s, t), (s, t) e [0, 27r] X (0, oo), 
^(s,0) = (po{s)+izQ{s). 



To solve this we try a power series ansatz 

oo 



n=0 



Plugging this into (++) yields the following recursion formula for the coefficients an for 
all n > 1: 



(R) 



n 



ad a): If ao{s,t) — Acos{s) + iBsm(s), for n > 1 we get 



{A + B){-2y 
«n(s) = 7, n— exp(zs), 



and consequently, 



n=l 

, , (A + B) , , (^ + 5) 
= 74cos(s) +ii5sin(s) exp(is) H exp(is) exp(— 2t) 

i^-B) , . , (A + B) , , ^ , 

= exp(— zs) H exp(zs) exp(— 2tj. 

Zi Zi 

We see that the limit as t — > oo exists, namely 

Coo(s) = lim i{s,t) = exp(-ig). 

t— >oo z 

Also one readily verifies that + i^'^ — holds, i.e. on the torus = M/~ the 
corresponding loop = hnit-^ooTt ^ M — T"^ satisfies the equation for magnetic 
geodesies 

Qg '°° ^ loo) 

ad b): If ao(s, = s + i//cos(s), we get ai(s) = i{l — //exp(is)), and for n > 2 

«n(s) = — ^, exp(zg). 



and thus. 



2 n! 



^(5, = 5 + it + i/icos(5) + — exp(i5) exp(— 2t) — 1 

Zi L 



On the torus — M/ ~ the subsequence {^(s, 27m)}„>o corresponds to a constant 
sequence, namely to a loop : 5*^ T^, surrounding the neck of the torus, (see 
Figure 4.1) The limit of any other convergent subsequence is just a translation of that 
loop along the "soul" of the torus, i.e. a translation in t-direction. However, since 
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^" + iE,' = i ^ ^1 we see that a limit loop 700 can never satisfy the equation for magnetic 
geodesies in contrast to case a). 




FIGURE 4.1. The flow of the evolution equation 
We may summarize as follows: 

On the torus we have computed the flow of the parabolic equation for magnetic geodesies 
for two families of initial conditions. For an ellipse c : 5*^ — > as initial condition (case a)) 
not enclosing the neck of the torus, the limit loop 700, as t ^ 00, exists and is a magnetic 
geodesic. In the case b) when the initial curve c : S*^ forms an ellipse enclosing the 

neck of the torus, there exist convergent subsequences; but then a limit loop can not be 
a magnetic geodesic. Hence, we see that the existence of a convergent subsequence such 
that its limit curve satisfies the equation for magnetic geodesies depends on the initial 
condition. However, for the cylinder 5*^ x M and the torus S*^ x 5*^, respectively, long time 
existence of the flow is guaranteed for any initial condition by Theorem H] and Theorem 
m respectively. 

In general, to show existence of solutions to the equation ([2]) one has to verify the steps 
of the following program: 

1. Show existence of short time solutions to the parabolic initial value problem ([8]). 

2. Rule out occurrence of blow ups in finite time, i.e. show existence of long time 
solutions to the initial value problem ([H]). 

3. Show convergence ipt — Voo as t — > 00 . 

4. If the limit <^oo exists, show that ipoo satisfies ((21). 

As seen from the above example, it depends on the initial condition whether a limit map 
V^oo, provided that it exists, is a solution to ([2]) or not. Consequently one cannot expect a 
general existence result for generalized harmonic maps in the sense of Eells and Sampson. 
So, we restrict ourselves to tackle the long time existence problem, i.e. in the following 
sections we are going to carry out the first and the second issue of the previous program. 
The strategy is to derive some Bochner-type formulas and to use the maximum principle 
for parabolic equations to get a priori estimates which allow to control the growth rate of 
solutions to the IVP 
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The estimates for the energy densities will show that in dim(S) = k = 1 everything is 
fine. For dim(S) > 1 we would have to deal with "bad" terms that possibly could destroy 
the long time behavior of our solutions whereas short time existence can be guaranteed 
without any restrictions on the dimension of S and M. 
For a given solution of (IHl) we set (pt{x) = (p{x,t) and define 

e (v^i ) : = ^ Mv^t I ^ (energy density) 
E{(pt) := / e(v3j) dvolg, (energy) 



s 



1 



2 



dt 



2 



K{(pt) := - -;r— , (kinetic energy density) 



K{ipt) := j K^Lft) dvolg. (kinetic energy) 



Now, we state a Weitzenbock formula for vector bundle valued 1-forms (see Appendix |X] 
a)). 

Proposition 9 (Weitzenbock formula). Let uj be a l-form on a Riemannian manifold 
{M,g) with values in a Riemannian vector bundle {E,'V^,h). Then 

Auj = Au + S^. 

Here, G T(T*M (g) E) is given by 

(9) S'^(X) = (/?(X,e,)a;)(e,), 

where {cj} is a local orthonormal frame on M, X G T{TM) and R is the curvature tensor 
corresponding to the connection on T*M ® E which is induced by the connections ofT*M 
and E, respectively. 

A proof can be found in ([21], P- 21). 

Proposition 10 (Bochner-type formulas). Let ^ e C°(S x [0, T), M)nC~(S x (0, T), M) 
be a solution to the parabolic IVP and let ipt{x) = ip{x,t). In x (0, T) we have, 

(1) {Bochner formula for e{ipt)) 

(10) = Aeiipt) - I + (R^'id^tie,), d^t{ek))d^t{ek), M(e,)) 

- {d^t{Rtc^{ei)),d^t{ei)) - {VZ{{dipt)^),dipt). 

(2) {Bochner formula for n{'^t)) 

(11) ~~d1~^ ^^^'^^^ ~dr^ ^ i-Qf^dft{e^))d^t{ei),-^) 

Here, A = —6d is the Hodge-Laplacian on C^(S), Vdipt{X, Y) = (Vxd(pt)(Y), for X, Y G 
Tj;S, is the second fundamental form of ipt, and Ric^ and R^'^ denote, respectively, the 
Ricci tensor ofH and the curvature tensor of M. The family {cj} represents a positively 
oriented orthonormal basis for the tangent space at each a; G S. The covariant derivatives 
and the metrics are the natural induced ones. 
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Proof. Choose a positively oriented orthonormal frame {cj} near x E with Ve,ej|^ = 
0. Then computing Ae{{pt) = de^de^e{ipt) and An^ipt) at the point x and using the 
Weitzenbock formula yields the desired equalities. □ 

Remark 11. Since S is compact, the unit sphere bundle S'S is also compact. Being a 
smooth function on ST,, Ric^ achieves its minimum on it. Consequently there exists a 
constant C such that Ric^ > —Cg. Namely, we can take C := — min Ric^{v,v). 

Now, set E = Rom{A^TM,TM). 

Corollary 12. Let ip : 'Ex[0,T) ^ M be a solution to the IVP (|H]) and set (pt{s) = ^{s,t). 
Let Z = be some k-force determined by some closed {k + l)-form Q G r{A^~^^T*M) as 
in (C]), with \Z\loo(^ji.j^e), \^ Z\lo°(^m,e) < oo. The following holds in x (0,T).- 

(1) Let C be a real number such that Ric^ > —Cg. If M is of nonpositive curvature 
K^^ < 0, then 

(12) < Ae{^t) + 2Ce{^t) + 2''-^k\Z\l^f^^^E) e{^tf ■ 

(2) For the kinetic energy density, we have 

(13) < AK{^t) + A\R''\e{^Mvt) + 2^~^e\Z\l^^^^^E^ e(^i)'"''^(^0 

+ 2'+"^\WZ\L^^M,E)e{vtf'^K{^t). 

The norms are given by \Z\Lac^^j^E) = supj^^(Z, Z)^/^ and \VZ\l^{^m,e) = 
supjvf (VZ, VZ)^/^. Regarding the curvature tensor as {A, Qi) -tensor, the norm of R^ is 
given by = (i?*^, i?^^)^/^. All covariant derivatives, metrics and norms used here 

are the natural ones induced by the metrics g and G. 

Proof. Firstly recall the definition of (dip)- and the A-product in Appendix |Xl^a). For 
simplicity we will denote all appearing metrics by (■,■). 

ad (1): Firstly we note that, for an orthonormal frame with VeiGj]^ = 0, at x 
(V Z{{dpt)!^), dipt) = 9e, {Z{{dpt)^), dptie,)) -{Ziidpt)!^), Ve,dpt{ei)) 

=0 

= -{Z{{dpt)^),ti^ceWdpt) 
holds due to the skew-symmetry of Vt. From this we get 

\{vz{{dpt)^),dpt)\ < k'/^izwdpti^'ivdpti 

< \Vdpt\' + ^\Z\l^^j^^E^\dpt\''. 



Using this estimate, the curvature assumptions K'^'^ < and Ric^ > —Cg, and the 
Bochner formula for the energy density e{pt), inequality (1) readily follows. 
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ad (2): From 



V 

dt 



we see 



(- 

\dt 



dt 



< \VZ\\d^t 



dipt 



dt 



< 



dt 



+ |VZ|L0O(JV/,£)|(iV9; 



+ k\Z\\d{pt 

L°°iM,E) Mv^t 

dift 2 



lfc-l 



dipt ^dipt 



\2k-2 



dt 

dipt 



dt 



dt 



dt 



From this estimate and the Bochner formula for the kinetic energy density n{'Pt) we obtain 
the desired inequahty (2). □ 

As a special case of Corollary [T2l for /c = 1 we have the following. 

Corollary 13. Assume that S = 5*^ and Z is a Lor entz force. Let ^9 = 7 : S*^ x [0, T) ^ M 
he a solution to the IVP ([Ij), and set 'Jtis) = 7(5, t). The following hold in x (0,T); 



(1') If \Z\lo.^m^e) < 00, then 
(14) 



de{-ft) 
dt 



< Ae(70 + Ae(7t). 



(2') If \Z\l'^(^m,e), \^Z\l'^(m,e) < 00, then 
(15) 

where X = X{M,Z) = ^Z'^ 



< AK(7i) +4|i?ie(v9i)K(^,) + X^{^,)+^e{^tY^\{^t), 



\L°°{M E) '^"'^ ~ ii{M,'VZ) = 2^/2|y2'|z,oo(A^ E) are constants 
only depending on M, Z and VZ . All metrics and norms used here are the natural ones 
induced by the metrics g and G. 



4 Short time existence 

Now, let us carry out step 1) of our program and show the short time existence of solutions 
to the IVP (IE])- To this end, we cast the parabolic initial value problem in a form that 
is analytically easier to handle with. As before let {J]'^,g) and (M",G) be Riemannian 
manifolds, and let S be compact and oriented. Furthermore, let Z he a smooth section 
of Hom(A*^rM, TM) = A''T*M (g) TM and / G C°°(S,M) be the initial condition from 
([H]). We use Nash's imbedding theorem, which says that any Riemannian manifold can 
be isometrically imbedded into an Euclidean space of sufficient high dimension, in order 
to isometrically imbedd M into a certain M*^. Let 

denote the isometric imbedding, and let M be a tubular neighborhood of the submanifold 
i{M) C M^. It can be defined as an open subset of by 

M = {{x,v) I X e i(M), V G T,i(M)^, \v\ < e{x)}. 
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Here, e : M — ^ (0, oo) is a positive smooth function on M. By 

TT : M ^ l{M) 

we denote the canonical projection which assigns to each 2; G M the closest point in 
l{M) from z. We extend this projection to a smooth map vr : M"? — R'' that vanishes 
outside M. This can be done by choosing the positive function e small enough. Also the 
bundle homomorphism Z can be extended to a bundle homomorphism Z : A^TR"^ TR^, 
meaning that dtoZ = Zo^dt)- holds; and we do this as follows: Denote by Mi, M2 smaller 
tubular neighborhoods of M such that M C Mi C M2 C M holds. For example, as Mi 
and M2 we can take the e/4-tubular neighborhood and the e/2-tubular neighborhood, 
respectively, both contained in the above defined e-tubular neighborhood M. In M2 we 
define Z by 

Z^iO :=rf.(^.(.)(W-(0)), 

for all ^ G A^TrcMf^ and all x G M2. Here, we have identified all tangent spaces 
TxM.'^ = TyM.'^ = R'^ by parallel translation. Then choose a smooth function ■?/' : R"? ^ R 
with support in M2 such that = 1 in the closure of Mi and <■?/'< 1 in R'' hold. 
Multiplying the above Z defined in M2 by this cut-off function ip, yields a smooth bundle 
map Z : A^TR'' — * TR'' which is globally defined in R'^ and vanishes outside M2. 

Now, let M : S X [0, T) — > M be a map from S x [0, T) into M C R''. Regarding m as a 
function with values in R'', we may consider the following initial value problem (IVP) for 
the system of parabolic partial differential equations: 

. . f {A-§-Ju{x,t) = Uu{du,du){x,t) + Z^{{du)!^){x,t), (a;,t) G S X (0,T), 

^ ^ \ U{X,0) = LO f{x). 

Here, A = —6d is the Hodge Laplacian of S componentwise applied to u and / is the map 
given as initial condition of the IVP (IHl)- Z is the extension of the fc-force as described 
above and Il{du, du) is a vector in R*^ defined as follows. Let {cj} be a local orthonormal 
frame field on S regarded, by canonically extension, as a local frame field on S x (0,T). 
Then 

(17) Ii{du,du) := tia.ceV dT[{du, du) = (Vdu{ei)d7!'){du{eij). 

We consider only those solutions m : S x [0, T) — * M to the IVP ( fT6l) which are continuous 
on S X [0,T), differentiable in S and of class in (0,T). In symbols this means 

u G X [0,T),M) nC2'^(S X (0,T),M). 

The relation between the two initial value problems is ruled by the following. 

Proposition 14. Let u G C°(S x [0, T), M) n ^^.^(S x (0,T),M). If u is a solution to 
the initial value problem ( \16\\ . then u{T, x [0,T)) C i{M) holds true and (p = o u is a 
solution to the IVP The converse also holds true. 

Proof. Suppose that u G x [0, T), M) n C^'\J: x (0, T), M) is a solution to the IVP 

( IT6|) and let Z be the extension of Z G F (Hom( A'^TM, TM)) constructed above. At first 
we will show that u{T, x [0, T)) C l{M) holds. For this we define a map p : M ^ R'' by 

p{z) = z - 7i{z), z e M, 
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and a function /i : S x [0, T) ^ by 

h{x,t) = \p{u{x,t))\'^, {x,t) G S X [0,T). 

We see, by definition, that p{z) = iff 2; G l{M). Thus, we only have to verify h = 0. 
Since u{x, 0) = G l{M), we see h{x, 0) = 0. As u is a solution to the IVP f|T6|) . we 

obtain with p{u) = p o u 

f = |(pM,pW) = 2(rfp(f),p(n)> 

= 2{dp{Au - U{du, du) - Z {{du)^)) , p{u)) , 



Ah = A{p{u),p{u)) 

= 2{Apiu),piu)) + 2\dpiu)\^ 

where ( , ) is the scalar product in W^. The formula for the second fundamental form of 
composite maps (see Lemma [15] below) says 

Ap{u) = dp{Au) + tTa.ce'Vdp{du,du), 

where A is the Hodge-Laplacian of S. Since, by definition, 7i{z) + p{z) = z, we have 
dn + dp = id and Vrfvr + Vdp = 0. This together with the fact that the images of (ivr and 
p are orthogonal to each other yields 

Ah = 2{dp{Au) -ti ace Vdn{du,du),p{u)) + 2\dp{u)\^ 
= 2{dp{Au - U{du, du)),p{u)) + 2\dp{u)\^, 

and hence, 

^ = ^h- 2\dpiu)\' - 2{dp{Z{{duf-)), p{u)) 

(18) =Ah- 2\dp{u)\^ - 2{Z{{du)^), p{u)) 

= Ah-2\dp{u)\\ 

The term {Z {{du)-) , p{u)) vanishes since Z{{du)-) _L p{u) by construction of Z. Then by 
the Divergence Theorem we have for each t G (0,T), 

— / h{-,t)dyo\g = / — (■,t)dvolg = -2 / |dp(u)|2dvol3 <0. 

EE E 

Since h{x^ 0) = from the assumption, we have 

j h{-, t) dvolg < j h{-, 0) dvolg = 

S E 

and consequently h = 0. 

Now, we turn to the second half of the assertion. Therefore, let u : S x [0,T) — > M be a 
solution to the IVP (fTUj) . From the previous assertion we know that m(S x [0, T)) C l{M). 
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Hence, we can write u = t o ip^ where <y9 is a map from S x [0, T) to M. We will show 
that is a solution to the IVP ([H])- Due to the formula (see Lemma [T^ for the second 
fundamental form of composition maps for u = l o ip and for l = ir o t we get 



Au = trace Vdi{dip, dip) + dL{T{ip)), 
Vdi = VdTT{dL, dt) + dTcCVdi). 

Since i : M — > R'^ is an isometric imbedding, the second fundamental Vdt of t is orthogonal 
to l{M) at each point, and thus dTrCVdi) = 0. Combining this and the preceding equations, 
we obtain 

dL{T{ip)) = Au — trace 'Wdrc^du, du). 
Bearing in mind that dt o Z = Z o [dt)- and dL{^) = ^ hold, we finally arrive at 

di{T{ip) - ^ - Ziidip)^)^ = (A - ^) n - Ziidu)!^) - U{du, du). 

From this one reads off that (p is a solution to the IVP (E]) if m is a solution to the initial 
value problem (fT6|) . Analogously the converse can easily be verified. □ 

In the proof of the preceding proposition we have made use of the following lemma which 
can be verified by a simple calculation. 

Lemma 15. Let {Ti,g), {M,G) and {N,h) be Riemannian manifolds. Given maps S 

M — i> A^, we have Vd{il) o (p) = dip(Vdip) + V dip {dip, dip); and T{ip o ip) = dip{T{ip)) + 
trace Vdip{dip, dip) . 

From Proposition [T3] we see that we can prove short time existence for solutions to the 
IVP dH]) by establishing short time existence for IVP ffTUl) . For the latter IVP one can 
set up a function space which is well adapted to our problem. To this end, we follow 
Ladyzenskaya, Solonnikov and Ural'ceva (|13J, P- 7). Given T > 0, set Q = S x [0,T]. 
Let < a < 1. Given a vector valued function u : Q ^ M'', set 

\u\q = sup \u{x,t)\, 

{x,t)€Q 

sup 

{x,t),{x',t)&Q d{x,x')"' 
I \(q) \u{x,t) - u{x,t')\ 

{u)\ ' = sup - 



{x,t),{x,t')&Q 

and define the norms \u\^q'"'^'^\ I'^ln'''"'^^"^^'' by 



\t-t' 



\u 



(19) = \u\q + \dMQ + \DMq + \DIu\q 

+ {d,u)^:^ + {Diu)^:\ 
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Here, d{x, x') is the Riemannian distance between x and x' in E and dtU represents du/dt. 
Also D^u and D^u represent the first order derivative of m in E and its covariant derivative, 
respectively. In terms of a local coordinate system (x*) in E and the standard coordinates 
(y") of M"^, DxU and D^u are, respectively, given by 

d 

DrrU = du = diu" ■ dx' (8) — — , 

d 

DIu = Vdu = Widnu" ■ dx' ® dx^ ® — — , 
and jDajwIg and \DIu\q are, respectively, given as 

\Dxu\q = sup g^^diU^dju"^, 
{x,t)eQ 

\Dlu\l = sup (7VV.9,n-Vfc9,n°, 

{x,t)eQ 

where di = d/dx^. With respect to these norms we define the function spaces W) 
and C2+".i+"/2(Q,M9)^ respectively, by 

C"'"/2(Q,R'') = {ue C°(E X [0,T]) I < oo}, 

^2+a,iW2(g^K.) ^ ^ X [0,T]) I < oo}, 

and set 

where we have naturally identified M with l{M) C M"^. One can show that C"''"^'^{Q,W) 
and M'') are Banach spaces with norms \u\^q'"^'^\ \u\q^°''^~^°'^'^\ respectively. 

They are called Hdlder spaces on Q x [0,T]. See 0, for example. C2+°'i+"/2(Q, M) is 
a closed subset of C'^'^°''^^°'^'^{Q,W). This follows immediately because M, as a compact 
subset, is closed in W. 



Now, we prove the following. 

Theorem 16. Let (E, g) and (M, G) be Riemannian manifolds, and E be compact and ori- 
ented. Furthermore, let Z e r(Hom(A^TM, TM)). For any 0^+"" map f G C2+"(E,M) 
there exists a positive number e = M, Z, f, a) > and a map u E (72+Q,i+a/2^j-j ^ 
[0, e], M) such that u is a solution inJ] x [0, e) to the IVP fll6p . i/ere, e = e(E, M, Z, /, a) 
is a constant depending on E, M, Z, /, anc? a. 

The main tool that we use to prove this theorem is the Inverse Function Theorem for 
Banach spaces. It says that a map is locally invertible at a point iff its linearization is 
invertible at this point. The idea is to apply the Inverse Function Theorem to reduce the 
solvability of a nonlinear differential equation to the solvability of its linearized version. 
However, before it we review the following classically well known result about existence 
and uniqueness of solutions to linear parabolic partial differential equations, (see [13], P- 
320) or ([6], p. 350 ff.) 
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Theorem 17. Let (^,(7) be a compact Riemannian manifold of dimension k, and set 
Q = H X [0, T]. Given a vector valued function u : Q ^ W^, let 

Lu = Au + a ■ Vm + h ■ u — dtu 

he a linear parabolic partial differential operator, and consider the initial value problem 



(20) 



Lu{x, t) = F{x, t), {x, t) G S X (0, T), 
u{x,0) = f{x). 



Here, the components of Au, a ■ V, h ■ u, dtU are, respectively, defined by 
Au\ ^iix,t)^, hiix,t)u^, l<A<q. 

If 

a*^, hi G C"'"/2(g, M), l<t<k, l<A,B<q, 
for some < a < 1, then for any 

there exist a unique solution u G C^^"'^"'""''^(Q, M'^) to fl^Uj) such that 

(2+a,lW2) ^Q^|(a,a/2) ^ 

holds. Here, the constant C = CiT,, L,q,T,a) only depends on T,, L,q,T,a. 
Now, we turn to the proof of Theorem [TBI 

Proof. At first let Z be the smooth extension of Z constructed at the beginning of this 
section. We choose an a' such that < a' < a < 1 and use the abbreviation dt = d/dt. 

Step 1 (Construction of an approximate solution). Consider the following initial value 
problem of a system of linear parabolic partial differential equations: 



\u 



(21) 



(A - |)i;(x,t) = Uf{df,df){x,t) + Zf{{df)i^){x,t), {x,t) G S X (0,1), 
vix,0) = f{x), 



where we have identified / with lo f. From the assumption / G C^+"(S,]R'') we get 

Uf{df,df), Zf{{dff) G C"(S,M'^) C C"'"/2(S X [0,1], M^), 
and consequently by virtue of the previous Theorem [T71 the existence of a unique solution 

V G C^+^.i+^/a^j] X [0,1], M") 



to the IVP (I2TI) . If we denote the desired solution by m, then v approximates m at t = 
in the following sense, 

f (x, 0) = u{x, 0), dtv{x, 0) = dtu{x, 0). 
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Step 2 (Application of the Inverse Function Theorem). Now, putting Q = T, x [0, 1], we 
consider the differential operator 

P{u) = Au- dtu - n„(dn, du) - Z^{{duf) 

and note that an m G C2+°'i+°/2(s X [0, e], R") satisfying P{u) = is our desired solution. 

For < a' < 1 we introduce the subspaces X and Y in C'^'^°'''^^"'^'^{Q,M.'^) and 
C"''"'/2(g,M'?), respectively, by 

x = {he C'+"''^+"'/2(g,R5) I h{x,o) = 0, dthix,o) = o}, 

Y = {ke C"''"'/2(g,M«) I k{x,0) = 0}. 

The spaces X and Y are, by definition, closed subspaces; and hence Banach spaces. We 
define a map V : X ^ Y hj 

V{h) = P{v + h)-P{v), ioi hex. 

From the definition of P and X we see that V{h) G C°''"'/2(g, R?) and P(/i)(x,0) = 
for G X so that in fact 'P{h) G Y holds true. In particular, 'P(O) = 0. V is Frechet 
differentiable in a neighborhood of /i = 0. A direct computation using the definition of V 
shows that the Frechet derivative P'(0) : X — y, for /i G X, is given by 

P'(0)(/i) = A/i - dth - {dll)\^{h){dv, dv) - 2Il^{dv, dh) 
- {dZ)\^{h){{dv)^) - Z^{dhK{dv)^). 

Here, Z{dhK{dv)^) = Z{{dhA{dv)!^){vo\l)) and {dZ){h){{dv)!^) 
{dZ){h){{dv)-{vo\^g)), respectively. (For the definition of the A-product, see Ap- 
pendix [X]( a).) From this it can readily be verified that V'{0) : X ^ F is an isomorphism 
of Banach spaces. In fact, since v G 

C2+°.i+"/2(g^M9)^ from the definition of V'{0) and 
Theorem [T71 we see that for any K E Y there exists a unique H G C'^^"' '^^"^ ^'^{Q,W) 
satisfying 

f P'{Q)iH){x,t) = K{x,t), (x,t) G S X (0,1), 
\ H{x,0) = 0. 

We also see that for such a H the following estimate holds: 
(22) |if|g+"'^+"'/')<C|ir|g'' 

Since K{x, 0) = and H{x, 0) = hold, we obtain dtH{x, 0) = 0; and thus H E X. 
From this and the definition of X, Y and the expression for V'{0) we know that V'{0) is 
a bounded and surjective linear mapping of Banach spaces. Equation (1^ tells us that 
V'{0) is injective and the Open Mapping Theorem from functional analysis that also the 
mverse r'{0)-^ is bounded. Hence, P'(0) is an isomorphism. 

Applying the Inverse Function Theorem for Banach spaces, V : X Y is a. homeomor- 
phism between a sufficiently small neighborhood W of G X and a neighborhood V{U) of 
G F. This means that we can find a positive number 6 = (5(S, M, Z, f) > 0, depending 
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only on S,M, Z and /, such that the following holds: For any k E C°'''°''^'^{Q,W) with 
k{x,0) = and < 5, there exists &he (:72+°M+°'/2(g^ ^g) satisfying 

(23) V{h) = k, h{x, 0) = 0, dth{x, 0) = 0. 

Here, S = M, Z, f) is a positive number determined by S, M, Z and /. Setting 
u = V + h and w = P{v), from ([23]) we see that there exists a u E C^+"'''^+°''/^{Q,W) 
satisfying 



(24) 



P{u){x,t) = {w + k){x,t), {x,t) G S X (0,1) 
u{x,0) = f{x). 



Step 3 (Short time existence). For a given real number e > consider a C°° function 
C : M ^ R satisfying C(t) = 1 (t < e), C(t) = (t > 2e), < C(t) < 1, |C'(t)l < 2/e (t G M). 
We note that w = P{v) E C"'°/2(g^Kg) ^ (:7°''°'/2(g^ ^g) and that w{x,0) = holds 
from the definition of P{v), v E C^+^'^+^/'^ (j: x [0,1], M'') and v{x,0) = f{x). By a 
straightforward computation we see that there exist a constant C > independent of e 
and w such that the estimate 

(25) |Cu;|g''"'/')<Ce("-"')|^li;'"/') 

holds. Set k = —Cw. Then k{x, 0) = 0. From ( l25l) we have |/c|q '° < 6 for sufficiently 
small e. Thus, there exists au E 

C2+"M+"'/2(s X [0, e],^) such that the following special 

case of (El]) holds: 

P{u){x,t)=0, (x,t) G S X (0,e), 
m(x,0) = f{x). 

In other words, we have obtained a solution u E (72+«',i+«72(^j] ^ [0,e],M'^) to the initial 
value problem 

(A - dt)u{x,t) = Uu{du,du){x,t) + Zui{du)^){x,t), {x,t) G S x (0,e), 
u{x,0) = f{x). 

As we have 

/ G C2+"(S, M"), U^{du, du), Zu{{du)!^) E ^"'"/^(S x [0, e] 
we see by Theorem [T7| that 

u E c2+"'i+"/2(S X [0,e] 



Due to compactness of S and continuity of u we always can reach that ^(S x [0, e']) C M 
holds true if we choose < e' < e small enough . Replacing e by e' if necessary, we 
may assume that m(S x [0,e]) C M holds true. Thus, m is a solution to the IVP f|T6!) 
in E X [0,e]. It is also clear from the above proof that e > is a positive number only 
depending on T,,M, Z, f and a. □ 

As a result of combining Proposition [H] and Theorem [161 we obtain the following. 
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Corollary 18. Let {T,,g) and {M,G) be Riemannian manifolds, and S he compact 
and oriented. Furthermore, let Z G r(Hom(A'^TM, TM)). For a given map 
f G C^~'""(S,M) there exist a positive number T = T^E, M, Z, f,a) > and a map 
^ G C'2+"'i+"(S X [0,T],M) such that 



(26) 



T{^t){x) = Ziid^tmx) + ^{x), {x,t) G S X (0,T), 
ipix,0) = fix) 



holds. Here, T = T(S, M, Z, f,a) > is a constant depending on S, M, Z, f and a alone. 

From regularity theory for solutions to linear parabolic partial differential equations, we 
obtain the following (see Appendix [Bl Theorem | 



Theorem 19 (Short time existence). Let {E,g) and {M,G) be Riemannian manifolds, 
and S be compact and oriented. Furthermore, let Z G F (Hom( A'^TM, TM)). For a given 
Q'i+OL j g (^^^"(S, M) there exist a positive number T = T(S, M, Z, f,a)>0 and a 
map if G (:72+a,i+a/2(5. X [0,T],M) n C~(S x (0,T),M) such that 

r T{^t){x) = Z{{d^,f-){x) + ^(x), (x,t) G S X (0,T), 
^ ^ \ ^(a;,0) = /(a;) 

holds. Here, T = T(S, M, Z, f,a)>Oisa constant depending on S, M, Z, / and a alone. 



5 Long time existence 

To prove long time existence of a solution (/? : S x [0, T) ^ M to the initial value problem 
(IVP) for the system of nonlinear parabolic partial differential equations 

r r(^,)(x) = Ziid^,)^)ix) + ^(x), (x,t) G S X (0,T), 
^ ^ I ¥^(x,0) = /(x), 

one has to show that it exists when T = oo. Short time existence of a solution to fl^Hj) can 
be guaranteed by Theorem (TH] in contrast to long time existence. As already mentioned in 
Section [3] it becomes an essential matter to control the growth rate of the solution tf{x, t) 
in time t. In order to get a grip on the "blowing up" effects of the nonlinear terms of the 
equation, the dimension of S and the compactness of M plays a crucial role in this game. 
In fact, in dim(S) > 1 the nonlinear terms possibly may destroy the long time behavior of 
our solutions. The main ingredients are the energy estimates and the maximum principle 
for parabolic equations. Both are typical tools in the theory of linear partial differential 
equations to get a priori estimates that allow to show e.g. uniqueness and stability 
of solutions. For an introduction to this topic see [6], [18]. Here, we state a version 
of the maximum principle that will suffice our needs. A proof can be found in [16], p. 142. 



Lemma 20 (Maximum principle). Let {E,g) be a compact Riemannian manifold. Fur- 
thermore, let A be the Hodge-Laplacian of S and L = A — be the heat operator. Let 
M G C°(S X [0,T)) n C2.i(S X (0,T)) be a real valued function m S x [0, T), which is 
in S and in (0,T). If u satisfies Lu > in "E x (0,T), then 



max u = max u 

Sx[0,T) Sx{0} 
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holds. Said in words, the maximum of u in the "cylinder" S x [0,r) is achieved at the 
bottom of the cylinder, i.e. in x {0}. 

In the sequel we denote by the unit circle in M^, carrying the induced metric by M^. 
Set E = Hom(A'=TM,TM). From Corollary [I3] in Section [3] and the maximum principle 
we gain the following estimates for a solution to the IVP ( |28l) . 

Proposition 21 (Energy estimates). Assume that J] = and Z is a Lorentz force. Let 
= 7 G C^'\S^ X [0,T),M) nC°°(5i X (0,T),M) be a solution to the IVP (iSD and set 
7t(s) = 7(s,t). Then the following hold: 

(1) If \Z\Loo(^]yf^E) < oo, then for all (s,t) E x [0,T), 



e(7t)(s)<e^^supe(/)(s). 



(2) //sup|i?^''^| < oo and \Z\loc(^m,e), | VZ|loo(a./,_e) < oo, then for all {s,t) E x [0,T), 

M 



< e sup 



Here, A = X{M,Z) and fi = filMjVZ) are the constants defined in Corollary [T3l and 
C = C(S,M,Z,VZ,/,T) = 4sup|i?^|e^^maxe(/) + A + /ie^maxe(/)i/2 « constant 

A/ ^ ^ 

depending on S, M, Z, VZ, / and T alone. 
Proof, ad (1): From (1') of Corollary [T^ we see 



Le{^t) = (a - — ) e(7t) > -Ae(7t 



Putting f = e~'^* e(7f)(s), a straightforward computation shows that v satisfies Lv > 
in 5^ X (0,T). Hence, from the maximum principle and the definition of the energy 
density e(7t) 



-At 



e(7f)(s) = f (s, t) < max t>(s, 0) = max e(/)(s) 



holds at any (s,t) G 5^ x [0,T). 



ad (2): Let C be the constant defined as above. From (1) of Proposition [2T] and (2') of 
Corollary [T^ we see that for v{s,t) := e""-^* fi;(7t)(s), we have LK{^t) > in S*"*^ x (0,T). 
Hence, from the maximum principle and the definition of the energy density ^(7*) 



-ct 



— (s,t) = 2 t>(s, t) < 2 max f (s, 0) = max — (s,0) 



holds at any {s,t) e x [0,T). 



□ 



Proposition [21] implies that the growth rate of a solution 7 to the initial value problem 
is uniformly bounded on x [0, T) with respect to the time variable t e [0,T), if 



sup I i? I < 00 and \Z\l°°{m,e), \ 'VZ\lo°(m,e) < 00. More precisely we state the following. 

M 
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Proposition 22. Assume that = . Furthermore let (M, G) be a compact Riemannian 
manifold and (p = E C^'\S^ x [0, T), M) n C°^{S^ x (0, T), M) be a solution to the IVP 
((13). Set 7i(s) = 7(s, t). Let Z be a Lorentz force. Then for any < a < 1 there exists a 
positive number C = C(S, M, Z, /, a,T) > such that 



< C 



/io/(is ai any t G [0,T). i/ere, C = C{T,, M, Z,^/ Z, f,a,T) is a constant only depending 
on S, M, Z, VZ, /, a and T. 

Proof. We set 7t(s) = All metrics and norms here are the natural induced ones. 

As in the proof of Proposition [T6l we assume the (M, G) is realized as a Riemannian sub- 
manifold in a g-dimensional Euclidean space W via an isometric imbedding l : M ^ 'R'^ 
and that the vector valued function 7 : S*^ x [0,T) — > M'^ is a solution to the IVP ffTUl) . 
Furthermore, let Z be the smooth extension of Z, constructed at the beginning of Section 
m However, since 7, from the assumption, is a solution to the IVP ( l28l) . the solution 
stays inside M C M'' and therefore all expressions, terms and constants q, appearing in 
the course of the proof will only depend on Z and its covariant derivatives, but not on Z 
and its covariant derivatives. Thus, for simplicity we denote Z by Z. 

Now, depending on the point of view, 7 satisfies an elliptic and, on the other hand, a 
parabolic partial differential equation. We will exploit both positions in order to attain 
our result. Taking the first view, 7 satisfies the system of elliptic partial differential 
equations 

(97 

at' 

where A is the Hodge-Laplacian in S. Noting Proposition [211 we see that the right hand 
side of the above equation is bounded independent of t G [0,T), i.e. we have 



A7 = n^(rf7, ^7) + Z^{dj) + 



(29) 



U^{d^,d^){;t) + Z^{d-f){-,t) + -^{■,t) 



<c^{J:,M,Z,f,T). 



In fact, for all (s, t) E x [0,T) we have 



Il^{dj,dj){s,t) + Z^{d^){;t) + -^{S,t) 



< \Vd7l\L^(^M,E) Wt{s)\^ + l\Z\l^(^M,E) + hl'tis 



{V,^d7c)U){s)+Z,{^',){s) + 

2 I -^I_//„m2 



dt 

dlt , 

dt ^ 



The right hand side of this inequality can be estimated from above by Proposi- 
tion [2T] with a constant ci only depending on S, M, Z, VZ, / and T (actually ci 
also depends on | V(i7r|ioo(jv/ £;), but we won't pick this up in our notation). Here, 
\Z\l°°(m,e) = supjy,j(V2', VZ)-^/^ and \Vd'K\L^(^M,E) = sup^j(V(i7r, Vc/vr)-^/^. This shows 



Since the image of 7 is always contained in the bounded set M C M'^, at any t G [0, T) we 
have 



(30) 



|7(-,^)|l-(51,K'J) < C2(M). 
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Hence, by the Schauder estimate (see Appendix [B], Theorem [21]) for the solutions to an 
elhptic partial differential equation, at any t G [0, T) we have 



|7(->^)lci+-(5i.R9) < C3(S,a) sup |A7(-,t)|Loo(5i^K'?) + sup |7(-,^)|l°°(51.R9) 

^ ie[o,r) te[o,T) 

(31) <C4(S,M,Z,VZ,/,a,T). 

Taking the second view, 7 is also a solution to the system of parabolic partial differential 
equations 

L7 = 11^(^7, d'y) + Z^{d^), 
where L = A — ^ is the heat operator in S^. Regarding ( 13T|) we see that 

|n^(d7, t/7)(-, t) + Z,{d^){-, t) |c^(5i,R,) < C5(S, M, Z, VZ, /, «, T) 

holds. Using the Schauder estimate for linear parabolic partial differential equations (see 
Appendix [HI Theorem [21]) , we get for any t G [0, T) 

c?7 

|7(-,t)|c2+«(5i,M9) + ^(-jt) 

^ ' at c«{si,R9) 

<C6(S,a)( sup |Iv7(-,t)|c<:«(5i,R'J) + sup |7(-,t)|Loc(5i^K,) 
^ iG[0,T) te[0,T) 

<C7(S,M,Z,VZ,/,«,T). 

□ 

Now, we are ready to proof the main theorems. 

Proof of Theorem 1. Short time existence is guaranteed by Theorem [191 namely 
there exists a positive number T = T(S, M, Z, /, a) > such that, without making any 
curvature assumptions, the initial value problem ^ has a solution 7 G (72+«,i+a/2^^i ^ 
[0,T],M) n C°°(5^ X (0,T),M) in 5^ x [0,T]. We have to demonstrate now that our 
solution can not blow up in finite time if M is compact, i.e. that our solution 7 can be 
extended to x [0,oo). Setting 

To = sup {t G [0, 00) I ([5]) has a solution in x [0, t]}, 

we must show that Tq = 00 holds. Assume that this would not be the case. Then choose 
any sequence of numbers {ti} C [0, Tq) such that U ^ Tq as i tends to 00. As in the 
proof of Proposition [22] we regard M to be an isometrically imbedded submanifold in 
some Euclidean space M'' and each 'j{-,ti) G C°°{S^ , M) as a M^-valued function. We set 
lt{s) = 7(5, t), 7' = 7j = |j, (9t = ^ and choose a positive number a' such that < a < 
a' < 1. Since is compact, it follows that the imbedding C''+°' {S\W) ^ C^+''{S\W) 
is compact. By Proposition [221 the sequences 

{7(-,ti)} and {%(-, t^)}, 

respectively, are bounded in 0^+"^' {S\W) and in C"'(5\M«). Thus, there exist a subse- 
quence {tjj.} of {ti} and functions 

7(-,To)gC2+°(5\M'') and %(-, To) G C"(5\ M") 
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such that the subsequences 

{7(-,tiJ} and {%(-,tiJ}, 

respectively, converge uniformly to 7(-,To) and 9(7(-,To), as ti^ Tq. Since for each ti^, 
we have 

we also get at Tq 

%(-,To) = j7'(-,To)-Z(7')(-,To). 

Consequently, we see that has a solution in 5*^ x [0,To]. Application of Theorem 
with 7(-,To) as initial value, yields an positive number e > such that the IVP 



(32) 



S7l(5) = Z{i,){s) + ^{s), is,t) e X (To, To + e) 
7(s, 0)=7(s,To) 



has a solution 7 G C'2+a,i+a/2(^i ^ jj.^^ ^ j^^^ gi ^ ^j^^^j^^ ^ Noting that this 
and the previous solution coincide on x {0}, we can patch them together to a solution 
7 G (:72+a,i+a/2(^^i X ^Q^j^ + e],M) to the IVP From the arguments concerning the 
differentiability of the solutions in Theorem [T^ we see that 7 is C°° in x (0,To + e). 
Hence, has a solution in x [0,To + e] which contradicts the definition of To. 
Consequently Tq = 00. The uniqueness of 7 immediately follows from Theorem O □ 



Proof of Theorem 2. As in the proof of Proposition [16] we regard u, v as vector valued 
functions u,v : x [0,T) —>■ l{M) C M', and consider u,v as solutions to the system of 
nonlinear parabolic differential equations ffTUl) . Let Z and Z' be the smooth extensions of 
Z and Z', respectively, constructed as at the beginning of Section HI However, since the 
solution must stay in M = l{M) C M^, the majority of appearing expressions, involving 
Z and Z', only depend on Z and Z'. Define a function /i : S x [0, T) ^ R by 

h{s,t) = \u{s,t) -v{s,t)\'^, {s,t) e X [0,T). 

For Mi,M2 G C'^{S^ one computes 

A(mi, M2) = (Ami, M2) + 2((iMi, (iu2) + (ui, AM2), 

and hence for ui = U2 = u — v we get 

Ah = A{u - v,u - v) = 2{Au - Av, u - v) + 2\du - dv]"^. 

On the other hand, one has 
dh 

— = 2 (Am — Av — (llu{du, du) — H^((if , dv) + Zu{du) — Zl{dv)),u — v). 
Then for L = A — ^ it follows 

(33) Lh = {Ilu{du, du) — Ily{dv, dv),u — v) + {Zu{du) — Z'^{dv),u — v) 

+ 2\du - dv]"^. 
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Now, for < To < T we choose a number r = r(To) such that u{S^ x [0, Tq])Uv{S^ x [0, Tq]) 
is contained in the open ball 5(0, r) = {x G M'' | |x| < r}. Rewriting 

Zu{du) - Z'^{dv) = {Zu - Z^){du) + {Z^ - Z'^){du) + Z'^{du - dv) 

and applying the Mean Value Theorem to Z^ — Z^, we get for any (s,t) G S"^ x [0,To] 

(34) \{Zu{du)-Z,{dv),u-v)\ 

< ci |m — f 1^ + '2^I'^\Z — Z'\loo(^m,e) e.{utY^'^\u — v\ 
+ C3 \du — dv\\u — v\ 

< Ci |m - + \Z - Z'\\oc(^M,E) + C2 |m - f 1^ 

+ C3 \du — dv\\u — v\. 

Here, ci, C2, C3 > are nonnegative constants, ci only depends on S, M, VZ, Tq and on the 
maximum value of the energy density e{ut) on S x [0, To], C2 only on the maximum value of 
the energy density e{ut) on S x [0, Tq], whereas C3 only depends on 5(0, r) and Z', i.e. on 
To and Z' . Note that the energy densities can be globally estimated independent of To by 
virtue of Proposition [2T1 In fact, noting sup ^^-g |VZ| < 00 (here \V Z\ = (VZ, V2')^/^ 
as usual) and applying the Mean Value Theorem yields Lipschitz continuity, namely 

|Z.(0 - 4(01 <( sup \VZm\x-y\ 

B{0,r) 

holds, for all x,y e 5(0, r) C W and all ^ G A^W. Here, we have identified A^T^W = 
A'TyW = A^W by parallel transport. From this, 1^ can readily be verified. Similarly 
rewriting 

Ilu{du, du) — H^,((if , dv) 

= {Uu — Ilv){du, du) + Ilv{du — dv, du) + Uj^ldv, du — dv) 

and applying the Mean Value Theorem to H^ — H^, we get for any (s, t) E x [0, To] 

(35) \{Ilu{du,du) —Ilv{dv,dv),u — v)\ 

< C4 |u — f p + C5 \du — dv\\u — v\, 

where 04,05 > are constants only depending on S, M, on the maximum values of the 
energy densities e{ut) and e{vt) on x [0,To], and on derivatives of the canonical pro- 
jection TT : M — i> M up to third order. Using Cauchy's inequality ab < ea? + (4e)~^6^ 
(a, 6 > 0, e > 0) for the terms 

constant ■ \du — dv\\u — v\, 

we obtain from ([33]), (El) and (I35l) for any (s,t) G 5^ x [0,To] 

Lh > —\{Ilu{du, du) — Iljj{dv, dv),u — v) \ — \ {Zu{du) — Z'^{dv),u — v)\ 
+ 2\du - dvl"^ 

> —C\u — f p — \Z — Z'\j^oo(^M,E) = —Ch — \Z — Z'\\oo(^M,E)j 
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where C > is a constant only depending on E, M, Z, VZ, Z\ Tq, on the maximum values 
of the energy densities e{ut) and e{vt) on x [0,To], and on derivatives of the canonical 
projection vr : M — > M up to third order. Integrating and using the Divergence Theorem 
yields for any t G [0, Tq] 



J h{-, t) dvo\g <C j h{-, t) dvolg + 2n\Z - Z 



/|2 

L°^{M,E)- 



Here, g denotes the canonical metric of S = 5^ C induced by M^. Applying Gronwall's 
Lemma to the function : [0, T) — »• M defined by H{t) = h{-, t) dvolg, we get for any 

t e [0, To] 

H{t) < e^*(i/(0) + 27rt\Z - Z'H^^^.^j,^) . 
This together with H{0) < 27r|Mo— I'd ^00(2 jv/) yields the desired estimate. □ 

Conclusion and outlook. We see that the energy estimates (Corollary fTIt) are crucial 
to make the "long time existence proof" work. If = dim(S) = 1, the maximum principle 
can be applied to obtain good a priori estimates for the energy densities. Even in the 
case k > 1, the maximum principle is not applicable and the proof breaks down. The 
greater k > 1 is, the worse the nonlinearities become. Perhaps in dim(S) = 2, where 
the nonlinearities are "only" of quadratic order in du, i.e. \Z{{du)-)\ < C\du\'' {C > 
a constant) for a bounded fc-force Z, existence of weak long time solution can be shown. 
It would be an interesting task to prove the existence of long time solutions in this case 
especially regarding the relevance of this question in String theory. Also an open question 
is the third item of program presented in Section [3l Does one always find a convergent 
subsequence of a long time solution to the IVP (jS]) when (M, G) is compact Riemannian 
manifold? 
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A Notation and definitions 

(a) Geometric notation. Let (^,(7) and {M,G) be Riemannian manifolds and 
{E, V^, h) be a Riemannian vector bundle over M. For simplicity we denote the metrics 
g,G,h and all the induced metrics and connections on the various tensor bundles by (■, ■) 
and V, respectively. If E is oriented, then we denote by vol^ the canonical volume form 
on S (similarly for M). If S is not orientable, then in expressions 

j f dvolg, 

E 
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where / : E ^ M is an integrable function, the symbol dvolg is to mean the Riemannian 
measure which can be defined for any Riemannian manifold. The characteristic function 
of a measurable set A C S is denoted by xa and its volume by V{A) = xa dvolg. 

Definition 23. A Riemannian vector bundle over M is a triple {E, V^, h) consisting of 
a real vector bundle E and a connection V'^ on E that is compatible with the metric h 
of E, i.e. Vf /i = for all X e T,M, for all x G M. 

This induces connections V on the bundles A^T*M ® E for k = 1, . . . ,dim(M). The 
induced curvature for u G r{A^T*M ® E) is defined by 

(36) R{Xi,X2)u; = {Vx^Vx, - Vx.Vx, - ^[XuX,]}oo. 

As for real- valued fc-forms one can define an exterior differential d and a co-differential 6 for 
forms with values in bundles (see [21] )• The Hodge-Laplace operator A : T[J^T*M®E) — > 
T{J^T*M ® E) then is given by 

(37) A = -{d5 + 5d}, 

and the rough Laplacian A : T{A^T*M (g) E) ^ T{A'T*M ® E) by 

(38) = {Ve,Ve, - Vv.^eJ^ 

Furthermore on V{I^T*M ® E) we use the following convention for the induced metric. 
Let {cj} be an orthonormal frame near x G M, then for a, /? G r{A^T*M ® E) we define 

(a,/3)A:= Yl («(eii,---,eij,/3(ei,,...,eij). 

ii<-<ife 

We distinguish this metric from that naturally induced metric for non totally skew- 
symmetric fc-linear vector valued tensor fields G T{^^T*M ® E) which is given 
by 

{a,f3) = (a(ei,, . . . , J, /3(eii, . . . ,eij). 

Note that this two definitions are related by a factor l/k\, namely for G T{A^T*M 
E) C T{<^^ T*M (g) E), we have 

In this paper we supress the subscript A with the convention that {ot,j3) is to mean 
{a,f3)/\ if a,f3 G r{A'T*M E). In particular, for the volume element we have 
|vo1g| = (vole, voIg)^''^ = 1 due to this convention. 

We recall some notions from Linear Algebra. Let (V, g) and {W, h) be a Euclidean vector 
spaces. The isomorphism V ^ V* , g{C,, ■) is denoted by for ^ E V and its inverse by 
a;" for uj G V*. One can extend these isomorphisms to At'V and A'^l^*. On decomposable 
fc- vectors it is defined by (^i A . . . A^^)** := A . . . A^^ and extended by linearity; similarly 
{ui A ... A Uk)^ := ul A ... A ujI on decomposable fc-forms. Here, we use the convention 

{uJiA...AUk)i^l,...,^k)= ^ {-iyUJl{^a{l)) ■ ■ ■ UJki^a{k)), 
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where Sk denotes the permutation group of order k, i.e. a runs over all A;-permutations. 
The sign (—1)^ of the permutation equals +1 if the permutation a is even and —1 if it is 
odd. More general, By the universal property of the exterior product this induces a linear 
map AiA . . . AAk : JSl'V A^W, denoted by the same symbol, such that on decomposable 
A;- vectors, we have 

{AiA . . . A A) (6 A . . . A Cfe) = V (-l)Mi(e^(i)) A ... A Aki^k})- 



For a single linear map A : V ^ W we define a linear map A- : A — > A by 
(39) A^:=^A^, 

where A^ denotes the /c-fold A-product of A with itself, 

A^ = /A. . . AA . 
k-times 

Note that for ^i, . . . , G V with < 1 (i = 1, . . . , ^), we have \A^{^i A . . . A ^fe)| < 

1 /2 

\A\\ Here, \A\ = [E.(^(e.),^(eO)] ' for any orthonormal basis {cj} of V. Let X = 
Hom(y, W) denote the vector space of endomorphisms from V to W and set A'^X — 
}iom{A''V, A^W) . There is a natural product A^X (g) A'X — * A^+'X given by 

(AiA . . . AAk) (^fe+iA . . . AAk+i) ^ AiA . . . AAk+i 

which is associative and symmetric. Note that in general A^X ^ A'X, e.g. for A ^ X, A ^ 
we have AAA 7^ in A^X, but A A A = in A^X. Let Ai, . . . , Ak : E ^ F he bundle 
homomorphisms, {E, V^) and {F, V'^) be bundles with connection over a Riemannian 
manifold {M,G) and ■ ■ ■ ^ T{TM). Then we define a connection V on A^X 
(here X = Hom(E, F)) by 

(V^(AiA...AAfe))(ei A... A^fc) := 

V^(/liA . . . AAk){Ci A . . . A Cfc) - {A,A . . . AA^) (V^(6 A ... A ^fe)) • 

For convenience we have denoted the natural induced connections on A'E and A'F, re- 
spectively, simply by V. It follows immediately that the Leibniz rule is satisfied, i.e. 

V^(AiA . . . AAk) = V^^i A^aA . . . AAk H h A1AA2A . . . AAfc_iAV^Afe. 

(b) Function spaces. Let (E, g) and (M, G) be compact Riemannian manifolds and 

{E, V^, h) be a Riemannian vector bundle over M. As usual we denote the continuous, 
the fc-timcs continuous differentiable and the smooth functions from S to M by C°(S, M), 
C^(S,M) and C°°(E,M), respectively. The smooth sections in E with basis M are 
denoted by r{M,E). If the reference to the base space is clear, we just write T{E) ~ 
r{M,E). For M = M and < < 00 we set C"=(E) = C"=(E,R). Let | • | denote the 
norm induced by the h of E. Then for 1 < p < 00 the Z^-spaces U'{M^ E) are defined 
as measurable sections in E with finite norm \s\lp(^m.e) < 00. Here, for p = 00, we put 
\s\l°°{m,e) = inf{r e M | |m| < r holds a.e.} and for 1 < p < 00 



\s\lp{m,e) 
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li E = M X is the trivial bundle with canonical metric and trivial connection over 
M, for 1 < p < oo we set Lp{M,W) = Lp{M,M x W) and especially for g = 1 we 
write LP{M) = Lp{M,R). By Lp(E, M) we mean the space {u G Lp(E,M<?) | C M}, 
where M C M'' is regarded as an isometrically imbedded submanifold in some Euclidean 
space M''. Let < a < 1 be a positive real number, k he a nonnegative integer, and 
U C R" be an open subset in M". Then the Holder spaces are denoted by C°'{U) and 
for /c > 1 by C'^^"(f/), respectively. It is well-known that one can define in a similar way 
a Holder norm and Holder spaces C^^°'{M) on a Riemannian manifold M by means of 
parallel translation (see Chapter 1). For a vector valued function u : M ^ M"^, we 
say that u belongs to C^^°'{M,W^) if all its components belong to C'^+°(M). Finally, 
by C"=+°(S,M) we mean the space {u G C"=+"(S,M«) | C M}, where M C MMs 

regarded as an isometrically imbedded submanifold in some Euclidean space M^. 



B Analytical toolbox 

Given r > 0, set -8(0, r) = {x G M" | |x| < r}. Let P be a linear elliptic partial differential 
operator given by 



n 



^ ^ ' dx^dx^ ^ ^ ' dx' ^ ' 

i,j=l i=l 

Assume that that P is uniformly elliptic, i.e. that 

n 

Aier< 5^a^^'(x)ee<Aier 

holds for some constants < A < A < cxd and for any x G -8(0, r) and ^ G W^. Given 
T > 0, set Q = 5(0, r) x (0, T). For a function m : Q ^ M, we set 

sup \^(-^')-^(-'^')\ 



{x,t),{x',t)eQ 



\x — x'h 



\u{x,t) - U{x,t')\ 

Wl = sup 



{x,t),{x,t')&Q 



\t - t 



The norms \u\^q°'^'^'' and |m|q'''"'^^"''^'' are defined as (fT9l) in Section HI By 
C"'"/2(g), C2+"'i+°/2(Q) we denote the H51der spaces with respect to these norms. We 
then have the following. 

Theorem 24. a) Differentiability of solutions 

(1) Given < a < 1, assume that a'\b\dj G C"(-B(0, r)). Then u G C2+"(E(0,r)) 
holds if u & C^(-B(0,r)) satisfies the linear partial differential equation 

(*) Pu{x) = fix). 

Furthermore, if a^^ ,b\d, f G C^"'""(-B(0, r)) for a given k>l, then a solution u to {-k) is 
/n particular, ifa'^,h\dj G C~(5(0,r)), then u e C°^{B{0,r)). 
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(2) Given < a < 1, assume that a'\h\d G C"(5(0,r)) and f E C°'°/2(g). Then 
u E C2+"'^+°/2((5) holds, if u E C^'^i^Q) satisfies the following linear parabolic partial 
differential equation 

M (^P--)u{x,t)=f{x,t). 



Furthermore, letp, q be nonnegative integers. Given jJ, k with \(3\ < p, +2k < p, h < q, 
assume that D^a'^ , D^b\ D^d E C"(S(0,r)) and D^D^f E C°'°/2(g). Then a solution 
u to (^) satisfies D^D^u E C"'°/2(Q) for any /?, k with \P\ + 2k < p + 2, k < q + 1. In 
particular, a'^,b\dE C°°(5(0,r)) and f E C°°(Q) imply that u E C°°{Q). 

b) Schauder estimates 

(3) Let f E C"(5(0,r)). If u E C\B{0,r)) satisfies (*) then u E C^+"{B{0,r)) and 

\u\c^+<^{B(0,r/2)) < C{\f\L°°{B(0,r)) + \u\L°^(B{0,r))) , 
\u\c^+a{B(0,r/2)) < C{\f\c°'{B{0,r)) + \u\L°°{B{0,r))) 

hold. Here, C is a constant only determined by n,a,A/\,\a^^c"iB{o,r)), 

|^1c"(B(0,r)), \d\c"{BiO,r))- 

(4) LetO <t <T and f{-,t) E C°(5(0,r)). Ifu{-,t) E C^{B{0,r)) satisfies then 
u{-,t) E C2+"(5(0,r)) and 



|M(-,i)|c"(B(0,r/2)) < sup |/(-,t)|Loo(B(0,r)) + SUp t) U-(B(0,r)) 

^t6[0,T] te[0,T] 

, , du 

m-,t)ic^-(B(o,./2))+ ^(^t) ^^^^^^^^^^ 

<Ci sup |/(-,t)|c"(B(0,r)) + sup |u(-,t)|ioo(B(o,,.)) ) 

^te[o,T] t6[o,r] ^ 

/ioW. ifere, C is a constant only determined by n, a, A/A, |a'-^|cQ(_B(o,r)), 

|^1c"(B(0,r)), \d\c"(B{0,r))- 

Concerning tlie above mentioned results see [7], [8], [I5] and 



Remark 25. Tlie Scliauder estimates are used in Sectional the local estimates presented 
here carry over, e.g. by using a partition of unity, to the entire manifold S in Proposition 
1221 
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